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ABSTRACT 
      The electrons and phonons in metal films after ultra-short pulse laser heating are in 
highly non-equilibrium states not only between the electron sub-system and the phonon 
sub-system but also within the electron sub-system. An electrohydrodynamics model 
consisting of the balance equations of electron density, energy density of electrons, and 
energy density of phonons is derived from the coupled non-equilibrium electron and 
phonon Boltzmann transport equations to study the nonlinear transport phenomena, such 
as the electron density fluctuation and the transient electrical current in metal films, after 
ultra-short pulse laser heating. The time-dependent temperature distributions is calculated 
by the coupled electron and phonon Boltzmann transport equations, the 
electrohydrodynamics model derived in this work, and the two-temperature model for 
different laser pulse durations, film thicknesses, and laser fluences. We find that the two-
temperature model overestimates the electron temperature at the front surface of the film 
and underestimates the damage threshold when the nonlinear thermal transport of 
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electrons is important. The electrohydrodynamics model proposed in this work could be a 
more accurate prediction tool to study the non-equilibrium electron phonon transport 
process than the two-temperature model and it is much easier to be solved than the 
coupled electron and phonon Boltzmann transport equations. 
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I. INTRODUCTION 
 The study of the interaction of ultra-short pulse laser with materials has a wide range 
of applications in the fields of fundamental physics of electron-phonon (EP) 
interaction,1 ,2 ,3  hot electron dynamics,4 ,5 ,6 ,7 ,8  superconductivity,9 ,10 and laser-material 
processing.11,12,13,14,15,16 The energy deposited from ultra-short pulse laser could drive 
electrons and phonons to a highly nonequilibrium state. For laser-metal interaction, the 
energy temporarily stored in the electron sub-system is conducted away through two 
channels: i) electron transport and ii) coupling of electron lattice to the lattice which is 
then conducted away by phonons. 17 , 18  The interplay between these two processes 
determines the evolutions of both electrons and phonons.  
The research on this topic can be traced back to as early as 1957. Kaganov et al.17 
presented a model for EP energy exchange which is still quite widely used. This 
phenomenological two-temperature model (TTM) assumes that the sub-systems of 
electrons and phonons can be described by their own temperatures and both the electron 
and phonon temperatures are much higher than the Debye temperature. The EP energy 
exchange rate can then be linearized as )( pe TTG −  where eT  is the electron temperature, 
pT  is the phonon temperature, and G  is the EP coupling constant. The coupled electron 
and phonon thermal transport could thus be described by the energy balance 
equations18,19  
                                 ),()()( , tQTTGt
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Here )( ee TC  is the electronic heat capacity, )( pp TC  is the lattice heat capacity, and 
),( tQ r  is the energy deposition by the ultra-short pulse laser, Ee,J  and Ep,J  are the 
energy current densities of electrons and phonons, respectively. The TTM follows closely 
the Fourier’s law of heat conduction epeeEe TTT ∇−= ),(, κJ  and pppEp TT ∇−= )(, κJ , 
where ),( pee TTκ  is the electronic thermal conductivity and )( pp Tκ  is the lattice 
(phononic) thermal conductivity. 
Although the TTM has been widely used by many researchers, there are quite some 
limitations of TTM to describe the ultra-short pulse laser-material interaction, especially 
with the recent advances of femtosecond and attosecond lasers. One of the obvious 
drawback is not considering the transient electrical current flow due to non-equilibrium 
electrons:  
(1) epeeEe TTT ∇−= ),(, κJ  used in TTM is valid only when the electrical current and the 
chemical potential gradient can be ignored. 
    (2) The divergence of energy current density of electrons Ee,J⋅∇−  consists of not only 
Fourier’s heat conduction but also the electron density accumulation, the Thomson effect, 
and the Joule heat generation.20 The TTM considers the heat conduction and neglects the 
other mechanisms. 
    (3) The approximation epeeepee TTTTTT
2),(]),([ ∇≈∇⋅∇ κκ  is used in the TTM. It is 
valid only when the thermal conductivity are temperature-independent. In addition, the 
electronic heat capacity is usually chosen to be proportional to the electron temperature 
which is valid only when the temperature is lower than Fermi temperature.  
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Currently, there have been a few works which address the non-equilibrium transport 
that considers transient electrical current and chemical potential gradient. Chen et al.21 
added an additional conservation equation of electron momentum which is derived from 
the BTE into the TTM to study the effect of electronic kinetic pressure on the electron 
and phonon temperature evolutions. As a result, they obtain significantly different 
electron and phonon temperature response from the TTM. The larger laser fluence is and 
shorter laser pulse duration is, the larger the difference between their model and the TTM 
is.  
In this paper, we derive an electrohydrodynamics (EHD) model based on the 
coupled electron and phonon BTE to investigate the electron and phonon transport in 
metals after the ultra-short pulse laser heating. In this model, the energy current is driven 
by both the temperature gradient and the chemical potential gradient. The contributions to 
Ee,J⋅∇−  from the heat conduction, the electron density accumulation, the Thomson 
effect, and the Joule heat generation are considered. The paper is organized as follows. 
After a brief introduction of the BTE in Sec. IIA, we derive the EHD model in detail in 
Sec. IIB. In Sec. III, the results of the calculation of the electron density fluctuation, the 
transient electrical current, the evolutions of electron temperature and phonon 
temperature, and the laser fluence damage threshold are presented. Section IV concludes 
this work.   
 
II. THEORETICAL MODELS 
    Figure 1 shows the coupled non-equilibrium electron and phonon transport 
mechanisms in a metal film after ultra-short pulse laser heating. The surface of the film is 
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in x-y plane (perpendicular to z-direction) and the film thickness is L. The photon energy 
of the ultra-short pulse laser can be absorbed by electrons near the front surface (x = 0) of 
the film. The intensity of absorption exponentially decays with the depth where δ  is the 
optical absorption depth. Highly non-equilibrium states between the electron sub-system 
and the phonon sub-system are induced because the electrons are excited by ultra-short 
pulse laser to higher energy states. The highly non-equilibrium electrons will dissipate 
their energy through two channels: i) electron transport and ii) coupling of electron lattice 
to the lattice which is then conducted away by phonons. Diffusive reflection boundary 
conditions are used in this study by assuming that electrons and phononsare reflected 
back randomly when they reach the front surface or the rear surface of the film.  
 
A. Coupled electron and phonon BTE model       
We can write the coupled electron and phonon BTE as follows: 22 
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where ),( tf rk  is the electron distribution function in the phase space with wave vector k  
and position ),,( zyx=r  at time t , ),( tn rq  is the phonon distribution function in the 
phase space with wave vector q 23 and position r  at time t .  k∇  is the wave vector 
gradient operator, and E  is the external electric field. ke εkkv ∇= h
1
,  is the electron 
velocity, where kε  is the kinetic energy of electron and h  is the Planck constant. pv  is 
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the phonon velocity. ),,( ts kr  is the source term due to laser heating.24 cttf |/),( ∂∂ rk  is 
the electron collision term which includes the EP scattering term epttf |/),( ∂∂ rk  and the 
electron-electron scattering term eettf |/),( ∂∂ rk . cttn |/),( ∂∂ rq  is the phonon collision 
term which includes the EP scattering term epttn |/),( ∂∂ rq  and the phonon-phonon 
scattering term ppttn |/),( ∂∂ rq .  
    The EP scattering terms in Eq. (2) are calculated from a microscopic approach:9 
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We drop ),( tr  in the rest of this paper for simplification. Here qM  is the EP scattering 
matrix elements, qωh  is the energy of phonons whose wave vector equals to the wave 
vector change of electron after the scattering 'kkq −=  . Delta functions denote the 
energy conservation of the scattering processes. Electron spin degeneracy has been taken 
into account by the factor 2 in Eq. (3b).  
    To calculate the EP scattering terms in Eq. (3) in metal without doing the summation 
over three dimensional momentum space, the Eliashberg function 25  )(2 ωα F  is 
introduced similar as shown in Ref. [9]. We then have 
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where )(μΞ  is the electron density states (DOS) at the chemical potential and )(ωF  is 
the phonon DOS. 
k
f ε,0  is the equilibrium Fermi-Dirac distribution of electrons and ω,0n  is 
the equilibrium Bose-Einstein distribution of phonons. 
      In non-equilibrium systems, the electron-electron scattering and the phonon-phonon 
scattering drive the non-equilibrium electron and phonon sub-systems towards to 
equilibrium ones, respectively. Therefore, we assume [ ] )(/|/ ,0 kfftf eeee k τε−−=∂∂ kk 24 
and [ ] )(/|/ ,0 qnntn pppp q τω−−=∂∂ qq  using relaxation time approximation where )(keeτ  is 
the electron-electron relaxation time and )(qppτ  is the phonon-phonon relaxation time. In 
this work, )(keeτ  and )(qppτ  are assumed to be constants so that we could focus on the 
EP scattering on the energy transfer pathway. 
       With the scattering terms explicitly written as above, the coupled electron and 
phonon BTE model shown in Eq. (2) can be solved iteratively for both directions ( 0>zk  
and 0<zk ) by using finite difference method with a numerical scheme similar to that 
described in Ref. [26]. In our calculation, the Eliashberg function is taken from Ref. [27] 
and the phonon DOS is taken from Ref. [28]. Both the front surface and rear surface are 
assumed to be rough so that the equilibrium distribution function due to diffusive 
reflection of electrons and phonons can be written at the boundaries:29 
                              ),0(),0( ,0 tzftzf k === εk , ),(),( ,0 tLzftLzf k === εk ,                  (5a) 
                              ),0(),0( ,0 tzntzn q === ωq , ),(),( ,0 tLzntLzn q === ωq .                 (5b) 
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 Table I lists all the parameters used in the calculation of BTE. 
 
B. Electrohydrodynamics (EHD) Model 
      The coupled electron and phonon BTE is a set of multi-variable integral-differential 
equations in the phase space where the scattering integral is very complicated to be 
solved.30 A convenient approach to simplify the problem is to use balance equations, 
instead of directly solving the BTE to obtain the distribution function of electrons and 
phonons, where the macroscopic variables such as electron density, electron temperature, 
and phonon temperature are calculated. The computational cost is remarkably reduced in 
spite of the losing of some detailed information in distribution functions. Here, we write a 
set of EHD equations with the electron density and energy density of electrons as 
macroscopic variables by multiplying V/1  and Vk /ε   in Eq. (2a) and then summing over 
k , where V  is the unit volume.22  
                     net
N
,J⋅−∇=∂
∂ ,                                                                                             (6a) 
                     ),()(,, tQTTGet
U
peneEe
e rJEJ +−−⋅−⋅−∇=
∂
∂ .                                      (6b) 
Here ∑=
k
kfN 2 is the local electron density and ∑=
k
kkvJ fene ,, 2  is the particle current 
density of electrons ( nee ,- J  is the electrical current density). ∑=
k
kfU ke ε2  is the energy 
density of electrons and ∑=
k
kkvJ fkeEe ε,, 2  is the energy current density of electrons. 
The factor 2 comes from electron spin degeneracy. ∑=
q
vJ qqpp nωh  is the thermal 
current density carried by phonons. We focus our study on noble metals, the photoelectric 
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effect and inter-band transition which excites d- or f-electrons to be itinerant electrons in 
transition metals are not considered. Therefore, 0),,(2 =∑
k
kr ts  since there is no net 
electron generated or annihilated in electron intra-band transition due to photon 
absorption as shown in Fig. 1. The electron energy source term is ∑=
k
kr ),,(2 tsQ kε  
which is assumed to be independent on the temperature.19 The balance equation which is 
the same as Eq. 1(b) can also be obtained by multiplying Vq /ωh  in Eq. (2b) and then 
summing over q . 
     Under the free electron approximation, the left side of Eq. (6b) can be written as: 
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where the electronic heat capacity is defined as 
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where 0μ  is the chemical potential at zero temperature.31 See Appendix A for detailed 
derivations. 
     ne,J  and Ee,J  in Eqs. (6a) and (6b) can be obtained by solving the BTE under the 
relaxation time approximation22 as shown in Appendix B for details: 
                                            ennne TSNDe
∇−∇−−= EJ σ, ,                                          (9a) 
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Here σ  is the electrical conductivity, 
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coefficient, neE DNe
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is almost a constant for given metal.32 
      Then ne,J⋅∇−  and Ee,J⋅∇−  in Eqs. (6a) and (6b) can be calculated as follows (see 
detailed derivation in Appendix C):  
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Here λ
λσα
4
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e
S n  and neeE STS '4
1' 20 μλσακ +−= .   
  In the rest of this work, we do not consider the external electric field for 
simplification. By substituting Eq. (10) into Eq. (6), the EHD model can finally be 
written as (see Appendix D for details):  
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      The models for the temperature dependence of the transport coefficients are chosen as 
follows in our calculation: 
p
rt
rt T
T
σσ = , 
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e
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αα = ,32 
p
e
rtee T
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,
0 κκ = 18 where rtσ , rtα , and 
0
,rteκ  are the transport coefficients when both electron temperature and phonon 
temperature are at room temperature K300=rtT . The electron energy source term is 
written as19 
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where R  is the reflectivity, I  is the fluence of laser pulse, and pτ  is the laser pulse time 
duration. The time zero is noted as the center of laser pulse, 0=t . 
      The thermal-insulation boundary conditions for temperature and zero electrical 
current boundary conditions are used: 
         0
0
=∇=∇
== Lzeze
TT ,    0
0
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0
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NN .             (13) 
The parameters used in the EHD model calculation in gold thin film are listed in Table I. 
 
C. Comparison between TTM and EHD Model 
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        By comparing TTM in Eq. (1) with EHD model in Eq. (11), the major differences 
between the proposed EHD model and the TTM are as follows:  
(1). The addition of the balance equation on electron density in the EHD model (Eq. (11a)) 
enables us to study the electron density fluctuation and transient electrical current 
induced by ultra-short pulse laser heating. The chemical potential gradient μ∇  is 
considered as the driving force for current flow in the EHD model, which is not even 
considered in the TTM model. A complete energy current density of electron 
neQeEe ,,, JJJ μ+=  is considered in the EHD while ne,Jμ  is not included in TTM.  
(2). The divergence of energy current density of electron in the presence of electrical 
current is20 
                  2,,,, ][
1]),([ neeneneepeeEe eTTTT JJJJ σ
ξμκ +∇⋅−⋅∇−∇⋅∇=⋅∇− ,           (14) 
where ξ  is the Thomson coefficient. Comparing to the TTM model, the EHD model 
considers the electron accumulation, the Thomson effect, and the Joule heat generation 
through the last three terms on the right side of Eq. (14)  
(3). The divergence of heat current of electrons is  
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where the first term on the right side in describes the linear thermal transport due to the 
electron temperature gradient while the last two terms are additional nonlinear thermal 
transport terms. The TTM model only explicitly considers the linear transport term/19 
Empirically, the nonlinear terms can be calculated when one has an explicit analytical 
temperature dependence of ),( pee TTκ . Anisimov and Rathfeld
33 showed that pee TT /∝κ  
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when Fe TT <<  and 
2/5
ee T∝κ  when Fe TT ~ , where TF is the Fermi temperature of 
material (usually over K104  in metals). A more complicated analytical expression of eκ  
is given by Refs. [34,35]. The question here is whether it is correct to directly substitute 
the above temperature dependence of eκ  into Eq. (15)? A revisit is needed from more 
basic approaches such as the BTE. We assume pee TT /∝κ  as an example and set the 
Seebeck coefficient 0=α  which means 0=D  and eeSS κκ ===
0' , then the divergence 
of heat current in Eq. (11b) becomes 
                                ( )22 ),(2),( e
e
pee
epee TT
TT
TTT ∇−∇
κ
κ .                                              (16) 
In contrast, the divergence of heat current in Eq. (1a) in the TTM can be rewritten as:  
                ( ) ep
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κ .               (17) 
The coefficients of linear term eT
2∇  in Eq. (16) and Eq. (17) are the same, and the 
coefficient of nonlinear term ( )2eT∇  in Eq. (16) is ee T/2κ−  which is different from 
ee T/κ  in Eq. (17), and there is one more term ep
p
e TT
T
∇⋅∇− κ  in Eq. (17). The difference 
between the EHD model and the TTM can be neglected only when ( ) eee TTT 22 / ∇<<∇  
and ( ) epep TTTT 2/ ∇<<∇⋅∇ . When ( ) eee TTT 22 ~/ ∇∇  and ( ) epep TTTT 2~/ ∇∇⋅∇  one 
have to directly solve the BTE or solve the EHD model instead.  
 
III. RESULTS AND DISCUSSIONS 
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      In the following, we compare the calculation results from the coupled electron and 
phonon BTE model, the proposed EHD model and the classical TTM for the coupled 
electron and phonon transport in gold thin films after ultra-short pulse heating, as show in 
Fig. 1. 
 
A. Electron density fluctuation and transient electrical current          
    We first compare the evolution of electron temperature at the front surface for a 50nm-
thick gold film after an ultra-short pulse laser heating with fluence 21mJ/cm=I  and 
pulse duration 96fs=pτ  calculated from the BTE model, the EHD model, and the TTM. 
The EP coupling constant is chosen to be KW/m101.2 316×=G  throughout this paper 
which is obtained by fitting the experimental data measured by Brorson et al. in Ref. [8], 
which is close to the values in literature, KW/m104-KW/m102.2 316316 ×× .Error! Bookmark 
not defined. As shown in Fig. 2(a), the electron temperature at the front surface calculated 
from the EHD model is in good agreement with the prediction from the BTE while the 
TTM overestimates the electron temperature.  
The large temperature gradient due to the non-equilibrium ultra-short pulse laser 
heating can induce electron density redistribution and transient electrical current due to 
electron diffusion and thermoelectric effect. Such electron density fluctuation and 
transient electrical current after ultra-short pulse laser heating can be calculated by the 
BTE model and the EHD model while the Fourier-like TTM model is not able to. Figure 
2(b) shows the electron density fluctuation in gold film at different time delays, t=0.05ps, 
0.1ps, and 0.2ps. At the beginning, the amplitude of the electron density fluctuation is on 
the order of 324 /m10 , which is about 1% of the electron density near Fermi surface 
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00 / μTkN B .  Figure 2(c) shows the particle current density of electrons in gold film at 
different time delays, t=0ps, 0.1ps, 0.2ps. At the beginning, a negative particle current is 
noted due to flow of particles towards the front surface as a result of thermoelectric effect. 
However, the particle current density becomes positive, i.e., flow away from the front 
surface at t=0.1ps, due to the diffusion of electrons driven by electron density gradient as 
shown in Fig. 2(b). The maximum amplitude of the particle current density is about 
230 /sm10  which results an electrical current density on the order of 211A/m10 . After 
t=0.2ps, the particle current density becomes negligible. In our calculation, the Seebeck 
coefficient of gold is positive36 which results in a negative Soret coefficient ( 0<nS ) in 
Eq. (9a). This negative Soret coefficient results in the flow of electrons towards the front 
surface driven by temperature gradient. In other metals with negative Seebeck coefficient 
and positive Soret coefficient (for example, Al, Pb et al.), the electrons would flow away 
from the front surface driven by temperature gradient.  
 
B. Dependence of temperature evolution on laser pulse duration, laser fluence and 
film thickness 
      The time scale that the laser-deposited energy is conducted away from the front 
surface is on the order of sub-picosecond. When the laser pulse time duration is smaller 
than this time scale, most energy absorbed from laser is stored at the front surface and the 
interior of the film is not heated up yet at the beginning of the time evolution. This results 
in an abrupt temperature drop near the front surface. In other words, eT∇  is very large 
and ( ) eee TTT 22 ~/ ∇∇   is satisfied which means that the nonlinear thermal transport 
could be important as we discussed in Sec. IIC. Figure 2(a), Fig. 3(a), and Fig. 3(b) show 
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the evolution of electron temperature at the front surface of the film with thickness 
50nm=L for different laser pulse time durations, fs96=pτ , 150fs, and 200fs , when the 
laser fluence is 21mJ/cm=I . For all these three time durations, the electron temperature 
calculated from the EHD model is closer to that calculated from BTE while the TTM 
overestimate the electron temperature. The maximum electron temperatures for the BTE 
and the EHD model are almost the same when 96fs=pτ . The calculated maximum 
electron temperatures are 634K from the BTE, 660K from the EHD model, and 686K 
from the TTM when the pulse duration is 150fs=pτ . When the duration time increases 
to 200fs, the maximum electron temperatures become 621K from the BTE, 653K from 
the EHD model, and 672K from the TTM. The reason is that ( ) eee TTT 22 ~/ ∇∇  for 
shorter time duration and the nonlinear thermal transport must be considered. 
       When the electrons are heated by the laser pulse, they would transport inside the film 
with the Fermi velocity Fv  (about m/s104.1
6×  in gold), and then be reflected back by 
the rear surface. These hot electrons return to the front surface after a time interval, 
FvL /2~ . When this time interval is smaller than the laser pulse duration, the 
temperature evolution at the front surface can be affected by the boundary reflection from 
the rear surface which results in highly nonlinear transport. Therefore, the thickness of 
film is another important parameter in our study. Figures 3(c) and 3(d) show the 
evolution of electron temperature at front surface of the film for different thicknesses, 
40nm=L  and 60nm , when the laser fluence is 21mJ/cm=I  and the laser pulse duration 
is 96fs=pτ . Figure 2(a) also shows the results with 50nm=L  while other conditions 
are the same. For all these three film thickness, the electron temperature calculated from 
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the EHD model is closer to that from the BTE, and the TTM overestimates the electron 
temperature. The calculated maximum electron temperatures are 696K from the BTE, 
723K from the EHD model, and 750K from the TTM when 40nm=L . When the film 
thickness increases to 50nm , the electron temperature calculated from the EHD model is 
almost the same as that from the BTE. When the film thickness is 60nm , the electron 
temperature calculated from the EHD model is slightly smaller than that from the BTE. 
       Larger laser fluence results in higher electron temperature at the front surface and the 
electron distribution is farther away from the equilibrium distribution. Therefore, the 
electron transport is highly nonlinear for large laser fluence. Figures 4(a) and 4(b) show 
the evolution of electron temperature at front surface of the film for different laser 
fluences, 25mJ/cm=I  and 210mJ/cm  when the film thickness is 50nm=L  and the laser 
pulse time duration is 96fs=pτ , respectively. Figure 2(a) also shows the results with 
21mJ/cm=I  when other conditions are the same. For 21mJ/cm=I  and 25mJ/cm , the 
electron temperature calculated from the EHD model is close to that calculated from the 
BTE for all the time delays considered. The TTM overestimates the electron temperature. 
For higher laser fluence  210mJ/cm=I , both the EHD model and the TTM underestimate 
the electron temperature in comparison with the BTE at the beginning of the time 
evolution (time delay<1.5ps). The reason is that both the EHD model and the TTM 
assume that the electron distribution is slightly deviated from the Fermi-Dirac 
distribution which does not hold at the beginning of the time evolution for high laser 
fluence. When time delay>1.5ps, the electron temperatures calculated from the EHD 
model and the BTE become getting closer since the electron-electron scattering drives the 
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electron sub-system from non-equilibrium distribution to equilibrium one which is called 
thermalization process.Error! Bookmark not defined.  
From Fig. 3 and Fig. 4, we find that the EHD model is more accurate than TTM in 
thinner film and shorter laser pulse time duration because of the contribution from 
transient electrical current and nonlinear thermal transport. When the thermalization 
process is important for higher laser fluence, both the EHD model and the TTM 
underestimate the electron temperature at the beginning of the time evolution.  
  
C. Damage thresholds 
We now study the laser damage threshold calculated from the EHD model and the 
TTM with high laser fluences. We do not show the results from the BTE calculations due 
to the computational cost. The BTE model calculates the distribution functions in wave 
vector and position phase-space. Larger laser fluence requires larger truncation wave 
vector that significantly increases the computational cost. Figure 5(a) shows that the time 
evolutions of both electron temperature and phonon temperature at the front surface of 
the film calculated from the EHD model slightly differ from that calculated from the 
TTM when nm25=L . Therefore, the converged temperature (electron temperature 
becomes equal to phonon temperature) calculated from the EHD model is also slightly 
smaller than that from TTM. When the film thickness increases to 50nm, the maximum 
electron temperature calculated from the EHD model could be 800K lower than that from 
TTM and the converged temperature calculated from EHD model is 100K higher than 
that from TTM as shown in Fig. 5(b). Overall, the EHD model gives a lower converged 
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temperature than the TTM, which means that more energy at the front surface is 
conducted away from the surface.  
         When the laser fluence is large enough, the phonon temperature at the front surface 
can reach the melting point of the metal, which is 1337K for gold. Such laser fluence is 
called damage fluence threshold. As we shown in Fig. 5, the converged temperature 
depends on the film thickness. Therefore, the damage fluence threshold is also a function 
of film thickness. Figure 6 shows the calculated damage fluence thresholds from the EHD 
model and the TTM for an ultra-short pulse laser for different film thickness with a laser 
pulse duration 96fs=pτ . As shown in Figs. 5 and 6, the TTM overestimates the 
converged temperature at front surface of the film and the difference of this 
overestimation increases with the film thickness. Therefore, the EHD model gives a 
larger damage fluence threshold in comparison with the TTM. For example, when the 
film thickness is smaller than 25nm, the damage fluence thresholds calculated from the 
EHD model and the TTM are both around 2mJ/cm125 . When the film thickness is 
increased to 60nm, the damage fluence threshold calculated from the EHD model is 
2mJ/cm375  which is much larger than that calculated from the TTM, 2mJ/cm236 . 
        
IV. CONCLUSIONS 
       In summary, we established an EHD model which consists of the balance equations 
of electron density, energy density of electrons, and energy density of phonons to 
investigate the coupled non-equilibrium electron and phonon transport in thin metal films 
after the ultra-short pulse laser heating. The non-equilibrium transport of electrons such 
as the electron density fluctuation and transient electrical current are considered in the 
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EHD model beyond the phenomenological TTM. By comparing the calculated results 
from the BTE for different laser pulse time durations, film thicknesses, and laser fluences, 
we found that the EHD model is more accurate than the TTM which usually 
overestimates the surface electron temperature when the nonlinear thermal transport in 
electron transport is important. We find that shorter laser pulse duration and thinner metal 
film result in stronger nonlinear transport. This model gives a more accurate tool to study 
the non-equilibrium coupled electron and phonon transport process than the TTM and it 
is much easier to be solved than the BTE. 
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APPENDIX A. ELECTRONIC HEAT CAPACITY 
We calculate the temperature-dependent electronic heat capacity by using the 
Sommerfeld expansion method under the free electron approximation and local 
equilibrium approximation, the local electron density and energy density can be written 
as:  
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where eBTk/μη = , )(ηjF is the dimensionless integral 
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Here we have used )(
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By ignoring the high order terms, the electronic heat capacity defined for Eq. (7) can be 
written as   
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24 
 
APPENDIX B. PARTICLE CURRENT DENSITY AND ENERGY CURRENT 
DENSITY OF ELECTRONS 
The particle current density and energy current density of electrons are calculated by 
solving electron BTE under relaxation time approximation. The distribution function in 
the BTE can be written into two parts kkk ,1,0 fff += ,
22 where 
1
1
/)(,0 +
=
− eBk Tke
f μεk  is the 
equilibrium Fermi-Dirac distribution. The non-equilibrium part driven by thermodynamic 
force along z-direction can be written as: 
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with k,1f  under the relaxation time approximation. The particle current density and the 
energy current density of electrons alone z-direction are defined as 
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We replace 2zv  by mk 3/2ε  using isotropic condition, and substitute Eq. (B1) into Eq. 
(B2).                
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The derivative of chemical potential 
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∂μ  can be transformed to the derivative of electron 
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Then Eqs. (B3a) and (B3b) can be rewritten by substituting Eq. (B5) into them 
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The transport coefficients are defined as follows: the electrical conductivity is 
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      The current components in x and y direction can be calculated in the same way. We 
can then extend Eqs. (B6a) and (B6b) to three dimension equations 
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APPENDIX C. DIVERGENCES OF ELECTRON DENSITY AND ENERGY 
DENSITY OF ELECTRONS 
      The divergences of electron density and energy density of electrons can be calculated 
as: 
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when the thermodynamic forces such as temperature gradient and chemical potential 
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        We assume that only the equilibrium distribution function in k,1f vary with position 
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 Here the second order derivative of distribution function is  
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The first term on the right in Eq. (C3) is symmetric on the chemical potential, its 
contribution to zneJz ,,∂
∂
−  and zEeJz ,,∂
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−  is negligible. That is why we use “ ≈” in Eqs. 
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And 
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where λ
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     Eqs. (C5a) and (C5b) can be extended to three dimension form 
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APPENDIX D. BALANCE EQUATION OF ENERGY DENSITY OF ELECTRONS 
      Using the relation in Eq. (7) 
t
TTC
t
NNU
t
U e
ee
ee
∂
∂
+
∂
∂⎟⎟⎠
⎞⎜⎜⎝
⎛
∂
∂
∂
∂
=
∂
∂ − )(
1
μμ
, the balance 
equation Eq. (9b) in the absence of external electric field becomes 
                     ),()()( ,
1
tQTTG
t
TTC
t
NNU
t
U
peEe
e
ee
ee rJ +−−⋅−∇=
∂
∂
+
∂
∂⎟⎟⎠
⎞⎜⎜⎝
⎛
∂
∂
∂
∂
=
∂
∂ −
μμ
.  (D1) 
Eq. (D1) can be rewritten as  
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Using the divergences of electron density and energy density of electrons obtained in Eqs. 
(C6a) and (C6b), the first two terms on the right side of Eq. (D2) are  
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Combining Eqs. (D2) and (D3), the balance equation of energy density of electrons is 
finally written as:  
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Table I. Parameters used in the calculation of the BTE model and the EHD model. 
 
Ra 0.93 δ a 15.3 nm 
rtσ
b m/1052.4 7 Ω×  rtα
c μV/K94.1  
0
,rteκ
a W/mK315  λ c -1.48 
0μ b 5.5 eV 0N b 328 m/1086.5 ×  
γ a 23KJ/m9.62  pC a KJ/m70 3  
pv
b 3240m/s eeτ
d 0.04ps 
ppτ
d 0.08ps   
a Ref. [19]; b [28]; c [32]; d  Ref. [37]  
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Figure Captions 
FIG. 1 (Color online) Schematic diagram of the coupled non-equilibrium electron and 
phonon transport in metal film after ultra-short pulse laser heating. The film thickness is 
L and the surface of the metal film is in x-y plane. The low energy electrons (black dot) 
near the front surface are excited to be higher energy ones (red dot) after absorbing a 
photon. The absorption intensity exponentially decays with the radiation penetration 
depth δ . The hot electrons release energy through two channels: transport to the rear 
surface and colliding with the lattice to emit phonons, i.e. EP scattering. When the 
electrons reach both the front and rear surfaces, they are scattered back randomly if a 
rough surface is assumed. In this work, diffusive reflection boundary conditions of 
electrons and phonons are used. 
 
FIG. 2 (Color online) (a) Time-dependent electron temperature at the front surface of gold 
film calculated from the BTE, the EHD model, and theTTM. Evolution of (b) electron 
density fluctuation and (c) particle current density of electrons in the film calculated from 
the BTE and the EHD models at different delay time, respectively. The calculations use a 
laser fluence 2mJ/cm1=I  and film thickness nm50=L  as input parameters.   
 
FIG. 3 (Color online) Time-dependent electron temperature at the front surface of the film 
calculated from the BTE, the EHD model, and the TTM after ultra-short pulse laser 
heating with different thicknesses and laser durations of (a) nm50=L  and fs150=pτ , (b) 
nm50=L  and fs200=pτ , (c) nm40=L  and fs96=pτ , (d) nm60=L  and fs96=pτ . 
The calculations use laser fluence 2mJ/cm1=I  as input parameter.  
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FIG. 4 (Color online) Time-dependent electron temperature at front surface of the film 
calculated from the BTE, the EHD model, and the TTM for different laser fluences of 
2mJ/cm5   and 2mJ/cm10 . The calculations use laser duration fs96=pτ  and film 
thickness nm50=L  as input parameters. 
 
FIG. 5 (Color online) Time-dependent electron and phonon temperature at the front 
surface calculated from the EHD model and the TTM for different film thicknesses of 
25nm and 50nm for a high laser fluence 2mJ/cm100=I  with a laser duration fs96=pτ .  
 
FIG. 6 (Color online) Comparison of the damage threshold for a fs96=pτ  laser pulse as 
a function of film thickness, calculated from the EHD model and the TTM. 
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FIG. 1 (Color online) Schematic diagram of the coupled non-equilibrium electron and 
phonon transport in metal film after ultra-short pulse laser heating. The film thickness is 
L and the surface of the metal film is in x-y plane. The low energy electrons (black dot) 
near the front surface are excited to be higher energy ones (red dot) after absorbing a 
photon. The absorption intensity exponentially decays with the radiation penetration 
depth δ . The hot electrons release energy through two channels: transport to the rear 
surface and colliding with the lattice to emit phonons, i.e. EP scattering. When the 
electrons reach both the front and rear surfaces, they are scattered back randomly if a 
rough surface is assumed. In this work, diffusive reflection boundary conditions of 
electrons and phonons are used. 
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Figure 2 
 
 
FIG. 2 (Color online) (a) Time-dependent electron temperature at the front surface of gold 
film calculated from the BTE, the EHD model, and the TTM. Evolution of (b) electron 
density fluctuation and (c) particle current density of electrons in the film calculated from 
the BTE and the EHD models at different delay time, respectively. The calculations use a 
laser fluence 2mJ/cm1=I  and film thickness nm50=L  as input parameters.  
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Figure 3 
 
 
FIG. 3 (Color online) Time-dependent electron temperature at the front surface of the film 
calculated from the BTE, the EHD model, and the TTM after ultra-short pulse laser 
heating with different thicknesses and laser durations of (a) nm50=L  and fs150=pτ , (b) 
nm50=L  and fs200=pτ , (c) nm40=L  and fs96=pτ , (d) nm60=L  and fs96=pτ . 
The calculations use laser fluence 2mJ/cm1=I  as input parameter.  
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Figure 4 
 
 
FIG. 4 (Color online) Time-dependent electron temperature at front surface of the film 
calculated from the BTE, the EHD model, and the TTM for different laser fluences of 
2mJ/cm5   and 2mJ/cm10 . The calculations use laser duration fs96=pτ  and film 
thickness nm50=L  as input parameters.  
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Figure 5 
 
 
FIG. 5 (Color online) Comparison of time-dependent electron and phonon temperature at 
the front surface calculated from the EHD model and the TTM for different film 
thicknesses of 25nm and 50nm for a high laser fluence 2mJ/cm100=I  with a laser 
duration fs96=pτ .  
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Figure 6 
 
 
FIG. 6 (Color online) Comparison of the damage threshold for a fs96=pτ  laser pulse as 
a function of film thickness, calculated from the EHD model and the TTM.  
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